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ABSTRACT
After the Tidal Disruption Event (TDE) of a star around a SuperMassive Black Hole (SMBH),
if the stellar debris stream rapidly circularizes and forms a compact disk, the TDE emission is
expected to peak in the soft X-ray or far Ultra-Violet (UV). The fact that many TDE candidates
are observed to peak in the near UV and optical has challenged conventional TDE emission
models. By idealizing a disk as a nested sequence of elliptical orbits which communicate
adiabatically via pressure forces, and are heated by energy dissipated during the circularization
of the nearly parabolic debris streams, we investigate the dynamics and thermal emission of
highly eccentric TDEdisks, including the effect ofGeneral-Relativistic apsidal precession from
the SMBH. We calculate the properties of uniformly precessing, apsidally aligned, and highly
eccentric TDE disks, and find highly eccentric disk solutions exist for realistic TDE properties
(SMBH and stellar mass, periapsis distance, etc.). Taking into account compressional heating
(cooling) near periapsis (apoapsis), we find our idealized eccentric disk model can produce
emission consistent with the X-ray and UV/Optical luminosities of many optically bright TDE
candidates. Our work attempts to quantify the thermal emission expected from the shock-
heating model for TDE emission, and finds stream-stream collisions are a promising way to
power optically bright TDEs.
Key words: accretion, accretion discs – black hole physics – hydrodynamics – radiation
mechanisms: thermal – stars: black holes
1 INTRODUCTION
When a bright transient event occurs near the center of an otherwise
quiescent galaxy,with a smooth powerlawdecline in luminosity over
a timescale ofmonths to years and negligible corresponding color or
blackbody temperature evolution, the most popular interpretation is
that we are witnessing a Tidal Disruption Event (TDE) of a star from
the galaxy’s central SuperMassive Black Hole (SMBH; see review
by Komossa 2015). TDEs occur when the tidal force exerted on the
star by the SMBH exceeds the star’s self-gravity, causing the stellar
material to be launched on highly elliptical ballistic trajectories.
The stellar debris eventually accretes onto the SMBH, powering
the observed luminous transients (Rees 1988; Evans & Kochanek
1989).
An outstanding problem in astrophysics is the low effective
temperature of many of the observed TDEs. Since the earliest
TDE models predicted a compact accretion disk which formed
quickly from circularization of the stellar debris, with highly super-
Eddington accretion rates, the first estimates of TDE emission pre-
dicted Eddington luminosities (∼ 1044 − 1045 erg s−1), compact
? E-mail: jzanazzi@cita.utoronto.ca (JJZ)
photosphere radii (∼ 1013 cm), and high effective temperatures
(& 105 K; Cannizzo et al. 1990; Ulmer 1999). Many TDEs de-
tected a decade or two later had these expected properties (e.g.
Bade et al. 1996; Komossa & Bade 1999; Greiner et al. 2000;
Maksym et al. 2010, 2014; Cenko et al. 2012; Donato et al. 2014;
Khabibullin & Sazonov 2014; Lin et al. 2015), known as X-ray
bright TDEs (Auchettl et al. 2017). More sophisticated models of
compact accretion disks which form soon after the TDE have been
able to successfully reproduce many features of X-ray bright TDEs
(e.g. Strubbe & Quataert 2009; Lodato & Rossi 2011; Mummery
& Balbus 2020; Jonker et al. 2020). However, these compact TDE
disk models fail to explain the properties of optically or UltraViolet
(UV) bright TDEs (e.g. Gezari et al. 2006, 2008, 2009; Komossa
et al. 2008; van Velzen et al. 2011; Wang et al. 2011, 2012; Ar-
cavi et al. 2014), which also have Eddington luminosities, but have
much larger photosphere radii (∼ 1014 − 1015 cm) with lower effec-
tive temperatures (∼ 2 − 3 × 104 K).
One explanation for the low effective temperatures is that the
TDE thermal emission does not originate from the accretion disk,
but from an outflow supported by radiation pressure from the disk’s
super-Eddington Accretion rate (e.g. Loeb & Ulmer 1997; Strubbe
& Quataert 2009; Lodato & Rossi 2011; Metzger & Stone 2016;
© 2020 The Authors
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Roth et al. 2016; Curd & Narayan 2019). The TDE’s high photo-
sphere radius and low temperature can then be explained by the
increased emitting area from the optically thick, expanding outflow,
launched from the accretion disk or SMBH. These outflows can ex-
plain the nearly constant temperatures inferred from the spectrum
of optically bright TDEs (Strubbe & Quataert 2009; Miller 2015),
and may lead to observable emission or absorption line features in
the TDE’s spectrum (Strubbe & Quataert 2011; Roth et al. 2016;
Roth & Kasen 2018). Hydrodynamical simulations show that the
outflow can be supported not only by radiation pressure from the
compact disk (Dai et al. 2018; Curd & Narayan 2019), but also by
shocks driven by stream-stream collisions during the circularization
of stellar debris (Lu & Bonnerot 2020; Liptai et al. 2019). However,
to power the outflow, a significant fraction of the tidally disrupted
star’s rest-mass energy must be liberated (0.05 M c2 ∼ 1053 erg),
much smaller than the typical energy liberated by an optically bright
TDE’s early emission (∼ 1049 − 1051 erg, e.g. Komossa 2015; van
Velzen et al. 2020). This so-called missing energy problem has a
number of proposed solutions. For instance, some argue most of the
rest-mass energy is radiated in the unobservable far UV wavelength
bands (e.g. Lu & Kumar 2018; Jonker et al. 2020), while others
propose this energy is carried away by a jet whose emission is un-
observable for most TDE viewing angles (Dai et al. 2018). Some
authors suggest this energy is never emitted in the first place, but
rather becomes trapped due to the TDE disk and outflow’s high op-
tical depth (photon trapping; e.g. Curd & Narayan 2019). The wind
model has yet to conclusively address the missing energy problem.
Contending the outflow model for optical TDE emission is the
stream-streamcollisionsmodel of Shiokawa et al. (2015); Piran et al.
(2015); Krolik et al. (2016). Instead of optical emission originating
from an optically thick outflow, it instead comes from the accretion
disk, whose annular extent remains extended (∼ 1014 − 1015 cm)
due to inefficient circularization of the debris stream. The emission
itself is powered by shock-heating from stream-stream collisions
of disk gas during formation. A prediction from this model is the
broadening of Hα and optical emission lines from non-Keplerian
motion within the eccentric disk (Piran et al. 2015; Liu et al. 2017;
Cao et al. 2018). This model also avoids the problem of how the disk
efficiently circularizes, since hydrodynamical simulations show the
TDE disk remains extended and eccentric long after formation, be-
cause not enough orbital energy is dissipated to drive the disk’s
eccentricity to zero (Guillochon et al. 2014; Shiokawa et al. 2015;
Sa˛dowski et al. 2016; Bonnerot & Lu 2019). After the optical emis-
sion is driven by shocks from the circularization process, Svirski
et al. (2017) argued that X-ray thermal emission from viscous heat-
ing of the disk’s inner edge may be avoided if the disk remains
highly eccentric. If an elliptical disk annulus loses sufficient an-
gular momentum, its eccentricity may increase, allowing the disk
material to cross the SMBH’s effective potential barrier and plunge
directly into the SMBH without losing orbital energy via viscous
dissipation. But although stream-stream collisions are an intriguing
alternative to the wind model to generate TDE optical emission, no
detailed model has been put forth to calculate in detail the thermal
emission from a poorly circularized TDE disk.
The goal of this work is to construct a highly idealized model
of a poorly circularized TDE disk, to gain insight on the disk’s struc-
ture and dynamical evolution, and to self-consistently calculate the
thermal emission from an eccentric TDE disk. We assume the disk
is inviscid and adiabatic, and neglect angular momentum trans-
port within the disk through various processes. Section 2 presents
our model for the poorly circularized TDE disk, and calculates the
simplest solutions for a highly eccentric, apsidally aligned, and uni-
formly precessing hydrodynamical disk. Section 3 introduces our
model for the TDE thermal emission, and calculates the TDE disk’s
spectrum. Section 4 discusses the theoretical uncertainties and ob-
servational implications of our work. Section 5 draws our main
conclusions.
2 ECCENTRIC TDE DISK STRUCTURE AND
DYNAMICS
When a star of mass M? and radius R? on a nearly parabolic orbit
with periapsis distance rp from the SMBH of mass M• satisfies
rp . Rt = R?(M•/M?)1/3, (1)
the star tidally disrupts. The stellar debris after disruption bound
to the SMBH has a spread in specific orbital energy (assuming
R?  Rt)
∆E ' GM•R?
R2t
. (2)
Throughout the rest of this work, we define the dimensionless stellar
mass M¯?, radius R¯?, and SMBH mass M¯• via
M¯? =
M?
1 M
, R¯? =
R?
1 R
, M¯• =
M•
106 M
, (3)
normalized to typical TDE values (e.g. van Velzen et al. 2020).
After disruption, the debris is expected to re-accrete, and form
a disk orbiting the SMBH. The shortest orbital period within the
debris stream is
tf0 =
2piGM•
(2∆E)3/2 =
piR3t√
2GM•R3?
= 41
M¯1/2• R¯
3/2
?
M¯?
days, (4)
The specific orbital energy of debris which re-accretes onto the TDE
disk is
Ef(t) = −
(2piGM•)2/3
2t2/3
= −∆E
( tf0
t
)2/3
, (5)
where we will assume from now on that debris with orbital period
tf accretes onto the disk at time t = tf . The accretion rate of fallback
material onto the TDE disk is then (Rees 1988; Evans & Kochanek
1989)
dMf
dt
=
dMf
dEf
dEf
dt
=
M?
3tf0
( tf0
t
)5/3
= 134 ÛMEdd
( η
0.1
) M¯?
M¯3/2• R¯
3/2
?
( tf0
t
)5/3
(6)
where ÛMEdd = 4piGM•/(ηcκ) is the Eddington accretion rate and
η is the accretion efficiency factor. Here, we have assumed the
opacity κ is dominated by electron-scattering (κ = 0.34 cm2/g), and
distribution of binding energy in the star was constant (dMf/dEf ≈
constant), an assumption which may break down at early times
(t . few tf0) due to the realistic structure of a star (e.g. Lodato
et al. 2009; Guillochon & Ramirez-Ruiz 2013; Law-Smith et al.
2019; Golightly et al. 2019; Ryu et al. 2020a,b), and at late times
(t & few tf0) due to debris self-gravity (Coughlin & Nixon 2019) or
non-parabolic stellar orbits (Hayasaki et al. 2018; Park & Hayasaki
2020). The semi-major axis of stellar debris which accretes onto the
TDE disk is
af(t) = −
GM•
2Ef
=
R2t
2R?
(
t
tf0
)2/3
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= 2356
R¯?
M¯1/3• M¯
2/3
?
(
t
tf0
)2/3
Rg, (7)
where Rg = GM•/c2 is the gravitational radius. Assuming that all
stellar debris has the same periapsis distance to the SMHB (since
R?  Rt), the eccentricity of the accreted fallback debris with time
is
ef(t) = 1 −
rp
af
= 1 − 2rpR?
R2t
( tf0
t
)2/3
= 1 − 0.02
β
M¯1/3?
M¯1/3•
( tf0
t
)2/3
, (8)
where β = Rt/rp is the dimensionless impact parameter. We keep
the parameter β in all analytical expressions for generality, but set
β = 1 for all numerical calculations. This assumption only affects
the eccentricity of the fall-back debris, and has no effect on the
surface density or internal energy of our TDE disk model.
In the subsequent subsections, we will build our model of a
poorly circularized disk (Sec. 2.1), introduce the secular formalism
which wewill use to calculate the structure and dynamical evolution
of highly eccentric TDE disks (Sec. 2.3), and present our results for
eccentric TDE disk solutions (Sec. 2.4).
2.1 Poorly Circularized TDE Disk Model
This section develops our idealized background model for the ec-
centric TDE disk. Our model assumes after one orbital period, some
fraction of the debris orbital energy is converted into internal energy,
heating the disk via the circularization of debris. The orbital energy
lost gives the semi-major axis of the newly-formed disk annulus in
relation to the semi-major axis of the original debris stream. The
disk surface density is then computed by integrating the fall-back
rate over the disk’s annular extent, to compute the disk mass and
its gradient with distance from the SMBH. Within this section, we
assume the disk annuli have no eccentricity. The “reference circular
disk” model developed in this section is a standard, circular disk in
which the mass and entropy are distributed in semimajor axis the
same way as a more general eccentric disk. We discuss how this
model generalizes to eccentric disks in following sections.
Hydrodynamical simulations show stream-stream collisions
during the circularization of debris can heat the TDE disk (e.g.
Guillochon et al. 2014; Shiokawa et al. 2015), but recent simula-
tions give conflicting results on the efficiency of this process (e.g.
Bonnerot&Lu 2019; Liptai et al. 2019).We parameterize the uncer-
tainty of TDE circularization by assuming after one orbital period
of the stellar debris tf , a fraction V of the debris orbital binding
energy is dissipated (due to self-intersection of elliptical trajectories
from apsidal precession, nozzle shocks, Magneto-Rotational Insta-
bility, etc., see discussions in e.g. Guillochon et al. 2014; Bonnerot
et al. 2017), which is converted into internal energy within the disk.
Quantitatively, assuming the disk material orbits the SMBH on Ke-
plerian orbits with a range of semi-major axis a, the specific orbital
energy of disk material is
Eorb = −
GM•
2a
= (1 +V)Ef = −(1 +V)
GM•
2af
. (9)
The inner semi-major axis of the disk is thus
ain =
2356
1 +V
R¯?
M¯1/3• M¯
2/3
?
Rg
=
3.48 × 1014
1 +V
R¯?M¯
2/3
•
M¯2/3?
cm, (10)
while the outer semi-major axis of the disk is
aout(t) = af(t)1 +V = ain
(
t
tf0
)2/3
. (11)
Although we give explicit expressions for how aout evolves with
time, because hydrodynamical simulations find TDE disks form
with aout  ain very early on (t . few tf0, e.g. Shiokawa et al.
2015; Bonnerot & Lu 2019; Liptai et al. 2019), we leave aout/ain
as a free parameter. The dissipated orbital energy is converted into
internal energy within the disk:
ε¯◦ = − V
1 +V Eorb, (12)
where ε¯◦ is the specific internal energy for a circular disk. Notice
that Eorb+ ε¯◦ = Ef , as required by energy conservation. Throughout
this work, we denote by X◦ disk properties X for a reference circular
and axisymmetric disk.
Using equation (6), we can calculate the total disk mass with
time:
Md(t) =
∫ t
tf0
dMf
dt ′ dt
′ = M?
2
[
1 −
( tf0
t
)2/3]
. (13)
Since fallback material with orbital period tf is accreted at time
t = tf , the total disk mass contained within a is
M(a) = M?
2
(
1 − ain
a
)
, (14)
hence the disk mass radial gradient is
Ma ≡ dMda =
M?ain
2a2
. (15)
Equation (15) is a direct consequence of assuming the mass distri-
bution of stellar debris with binding energy is constant (dMf/dEf =
constant), and deviations of ÛMf from ÛMf ∝ t−5/3 will affect the
mass distribution Ma .
With ε¯◦ and Ma specified, we may calculate other properties
of the disk. The surface density of a circular disk Σ◦ is related to
Ma via
Σ◦ = Ma
2pia
=
M?
4pia2ina˜
3
, (16)
where a˜ = a/ain is the re-scaled semi-major axis. The vertically
integrated pressure for a circular disk P◦ with an adiabatic equation
of state is related to ε¯◦ and Σ◦ by
P◦ = (γ − 1)Σ◦ε¯◦ = (γ − 1)V
8pi(1 +V)
GM•M?
a3ina˜
4
. (17)
The circular disk scale-height H◦ is then
H◦
a
=
√
P◦
Σ◦n2
=
√
(γ − 1)V
1 +V , (18)
where n =
√
GM•/a3 is the mean-motion. Notice H◦/a ∼ 1 when
V & 1, but H◦/a  1 whenV  1.
Assuming the disk is dominated by radiation pressure (γ =
4/3), the disk’s circular mid-plane temperature is given by
T◦0 =
(
3P◦
ardH◦
)1/4
MNRAS 000, 1–16 (2020)
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= 1.13 × 105V1/8(1 +V)7/8 M¯
11/12
?
R¯?M¯
5/12
•
1
a˜5/4
K, (19)
where ard is the radiation constant. Since the ratio of gas to radiation
pressure in the disk’s midplane is (for a circular disk)
pg
prd
=
kBT◦0 Σ
◦/(µempH◦)
ardT◦0
4/3
' 2.38 × 10−4
(
1 +V
V
)7/8 M¯1/4?
M¯3/4•
1
a˜1/4
, (20)
where kB is the Boltzmann constant, µe = 0.62 is the mean molec-
ular weight for an ionized gas of solar composition, and mp is the
proton mass, we see the assumption of a radiation-pressure dom-
inated disk is justified. The disk’s optical depth is (for a circular
disk)
τ◦ = κΣ◦ = 445 (1 +V)2 M¯
7/3
?
R¯2?M¯
4/3
•
1
a˜3
. (21)
Onlywhen the disk’s semi-major axis satisfies a & 8 ain for standard
TDE disk parameters does the disk become optically thin (τ < 1).
Because the TDE disk models considered in this work are confined
to a relatively narrow range in semi-major axis (aout . few ain), the
disk is optically thick (τ ≥ 1).
We emphasize that our background disk model idealizes the
highly complex circularization process the stellar debris is expected
to undergo. Simulations find that the disk which forms soon after
the TDE is not coherent, but a mess of colliding streamlines on
elliptical trajectories (e.g. Shiokawa et al. 2015; Sa˛dowski et al.
2016; Bonnerot & Lu 2019; Lu & Bonnerot 2020). Therefore, the
resulting eccentricity profiles calculated in thiswork should be taken
with a grain of salt.
2.2 Sources of Energy Dissipation
Our treatment of the circularization process parameterizes the frac-
tion of debris orbital energy lost after an orbital period via V
(see eq. 9). This section reviews estimates for the two primary
sources which have been argued to be the most efficient ways or-
bital energy is dissipated during the circularization of the debris:
the nozzle shock near pericenter from adiabatic compression, and
stream-stream collisions near apocenter from apsidal precession.
To estimate the upper bound on the energy dissipated through
these shocks, we make the assumption the collision between fluid
streams is inelastic. Specifically, we assume the ingoing and outgo-
ing streams have a similar density, so that momentum conservation
requires the normal components of the ingoing stream velocity
(relative to the outgoing stream velocity) be dissipated during the
shock.
We first review nozzle-shock dissipation. Assuming the stel-
lar debris lies on ballistic orbits after the star is disrupted at the
tidal radius Rt, angular momentum conservation dictates the orbital
planes of the debris will be confined within the angle θ ' R?/
√
rpRt
(Carter & Luminet 1982). Hence the normal velocity component at
pericenter of the debris orbit is vz ∼ θvp, where vp =
√
GM•/rp
is the orbital velocity at pericenter. One can show after an orbital
period of the debris, adiabatic compression with a γ = 5/3 equation
of state (a reasonable assumpiton, since the cold debris is dominated
by gas pressure) implies the maximum normal velocity at pericenter
vz remains unchanged (Guillochon et al. 2014). Hence the energy
106 107 108
M• (M¯)
10−3
10−2
10−1
100
101
102
103
V
Vcirc
Vss
Vns
Figure 1. Fraction of orbital energy dissipated after one orbital period V
due to the nozzle-shock near pericenter Vns (red lines, eq. 23) and stream-
stream collisions near apocenter Vss (blue lines, eq. 27), compared with the
fraction of orbital energy which needs to be dissipated to circularize the orbit
Vcirc (black lines, eq. 30), as a function of the SMBH mass M•. Different
line styles denote different times, with t = 1 tf0 (solid lines), t = 3 tf0
(dashed lines), and t = 10 tf0 (dotted lines).
dissipated via the nozzle shock is of order
δEns ∼ v2z = β2
(
GM?
R?
)
. (22)
Relating δEns to the fractional energy lost after an orbital period
Vns = δEns/Ef , we have
Vns ∼ β
2
2
(
M?
M•
) (
af
R?
)
= 2.5 × 10−3 β2 M¯
1/3
•
M¯1/3•
(
t
tf0
)2/3
. (23)
However, the actual amount of dissipation experienced by the stellar
debris may depend sensitively on the fluid’s viscosity, since an adia-
batic gas can rebound after pericenter passage with little dissipation
(Lynch & Ogilvie 2020)
The second significant source of energy dissipation is stream-
stream collisions near apocenter from GR apsidal precssion. As in
Dai et al. (2015); Bonnerot et al. (2017), we calculate the ingoing
collision stream velocities by finding the intersection point of two
elliptical orbits, shifted by an instantaneous pericenter shift δ$ from
GR apsidal precession. Since an eccentric orbit undergoes apsidal
precession at a rate (assuming af  Rg)
∂$
∂t

GR
=
3Rgn
a(1 − e2), (24)
we have after one orbital period
δ$ ' 3piRg
rp
= 11.5◦ β
M¯2/3• M¯
1/3
?
R¯?
. (25)
With δ$, one can calculate the relative stream velocities during the
collision, leading to a loss of energy of (Dai et al. 2015; Bonnerot
MNRAS 000, 1–16 (2020)
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δEss =
e2f GM•
2af(1 − e2f )
sin2
(
δ$
2
)
' GM•
4rp
sin2
(
δ$
2
)
, (26)
hence
Vss = δEssEf
=
af
2rp
sin2
(
δ$
2
)
. (27)
When δ$  1, equation (27) reduces to
Vss ' 9pi
2
16
R2gaf
r3p
= 0.125 β3
M¯5/3• M¯
1/3
?
R¯2?
(
t
tf0
)2/3
. (28)
Different sources of energy dissipation need to be compared
with the total loss of energy required to completely circularize
the disk. If the debris circularizes with constant orbital angular
momentum, the final semi-major axis is given by acirc = (1−e2f )af '
2rp. Hence the orbital energy of a completely circularized debris
stream is given by
Ecirc = −GM•4rp , (29)
so the fractional binding energy which must be lost to circularize
the stream is
Vcirc = EcircEf
=
R2t
4rpR?
(
t
tf0
)2/3
=
25
β
M¯1/3•
M¯1/3?
(
t
tf0
)2/3
. (30)
We see thatVcirc  1 for typical parameters.
Figure 1 plots Vns and Vss, compared with the orbital en-
ergy which must be dissipated to circularize the debris orbit Vcirc
(eq. 30). We see energy dissipation from stream-stream collisions
dominates over that from the nozzle-shock (Vss  Vns) over the
SMBH range relevant for TDEs (106 M . M• . 108 M). As the
TDE evolves in time, the energy dissipated via shocks is expected
to increase, but only by factors of order unity over much of the
TDE disk’s lifetime (t . 10 tf0). Only when M• & 1 − 3 × 107 M
can enough orbital energy be dissipated to completely circularize
the orbit (Vss & Vcirc). We also see why other simulations find
Vns  Vss at early times, since they used SMBHmass values much
lower than those typical of TDEs (M•  106 M) due to compu-
tational constraints (e.g. Shiokawa et al. 2015), and Vns ∝ M−1/3•
whileVss ∝ M5/3• when M• . 107 M .
From this, we see for the SMBH mass range investigated in
this work (106 M . M• . 107 M), stream-stream collisions
dominate the energy dissipation during the circularization process,
causing V to lie within the range 0.1 . V . 10. Although the
energy dissipated via shocks is likely highly non-axisymmetric with
V evolving in time, because our disk model is highly idealized, we
assume V to be axisymmetric and constant in time for simplicity.
Deviations from this assumption will affect the thermal structure of
the TDE disk. Also, we assume a constant fractionV of the debris
orbital binding energy |Ef |, rather than the debris kinetic energy
1
2 v
2, is converted into internal energy ε¯. This is for simplicity: a
more detailed treatment would have to make specific assumptions
about the process which dissipates the debris orbital energy, and
would affect the orientation of the newly-formed eccentric disk.
Within this work, we assume the TDE disk forms when t ≥ tf0,
but in reality this formation time depends on where most of the
debris orbital energy is dissipated. If most dissipation occurs near
pericenter (via Vns), the disk will form when t & 1.5 tf0, while
Compression
(hot)
Expansion
(cool)
Figure 2. Top diagram: Coordinate system for a massless fluid element
(black square) on an orbit with eccentricity e (red ellipse) surrounded by a
circumscribed circle (reference circular disk, blue), where o is the origin,
p is one focus point (location of central mass), while p′ is another focus
point. Other quantities are distance of fluid element from central mass r ,
true anomaly f , semi-major axis a, and eccentric anomaly E . The infinites-
imal area of a fluid element at (a, E) is dA = ja da dE , where j is the
(dimensionless) Jacobian (eq. 31). Bottom Diagram: Vertical scale-height
H(a, E) = H◦(a)h(E) for an eccentric annulus orbiting a central mass at p.
Because h is small (large) near periapsis (apoapsis), the fluid’s temperature
is high (low) when E ≈ 0 (E ≈ pi).
dissipation near apocenter (viaVss) will have disk formation occur
when t & 2 tf0.
2.3 Eccentric Disk Formalism
To calculate the eccentricity profile and dynamical evolution of
the TDE disk, we use the secular, adiabatic formalism of Ogilvie
& Lynch (2019), taking into account the vertical structure of the
disk gas as it varies over an elliptical orbit (see also Ogilvie 2001;
Ogilvie & Barker 2014). The top diagram of Figure 2 displays the
coordinate system of Ogilvie & Lynch (2019), describing a fluid
element along an eccentric orbit with eccentricity e and longitude
of periapsis $, whose location can be completely specified by a
and the eccentric anomaly E (see also Murray & Dermott 1999).
MNRAS 000, 1–16 (2020)
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10−6 10−4 10−2 100
E
10−5
10−4
10−3
10−2
10−1
100
h
e = 0
e = 0.5
e = 0.7
e = 0.8
e
=
0.
9
Figure 3. Dimensionless scale-height h as a function of eccentric anomaly
E (see Fig. 2), for the eccentricity values e indicated. Here, aea = 0 and
a$a = 0.
10−1 100 101
V
0.0
0.2
0.4
0.6
0.8
1.0
e i
n
λe = 0.2
λe = 0.4
λe = 0.6
λe = 0.8
λe = 1.0
Figure 4. Inner disk’s eccentricity ein = e(ain) (eq. 42) as a function of the
fallback debris orbital energy dissipation parameter V (see eqs. 9 & 12),
for the λe values indicated. Here, M• = 106 M .
Notice the infinitesimal area dA of a fluid element at (a, E) is given
by dA = ja da dE , where
j =
1 − e(e + aea) − aea cos E√
1 − e2
− ae$a sin E (31)
is the dimensionless Jacobian of the coordinate system, and we will
define Xa ≡ ∂X/∂a for all functions X . Mass continuity then gives
how the surface density varies along an elliptical orbit, Σ = Σ◦/ j,
so τ = τ◦/ j. We note that both Σ and τ typically vary by factors of
order unity when compared with their reference circular Σ◦ and τ◦
values: even for the highly eccentric case of e = −aea = 0.9 (with
$a = 0), j varies from a minimum value of 0.23 to a maximum
value of 4.35. Hence even highly eccentric disks are optically thick
(τ ≥ 1).
Ogilvie & Lynch (2019) model an eccentric disk as a contin-
uous nested sequence of elliptical orbits, which communicate with
one another through pressure. The secular (orbit averaged) evolu-
tionary equations for the disk eccentricity magnitude e = e(a, t) and
twist $ = $(a, t) are given by
Ma
∂e
∂t
=
√
1 − e2
na2e
[
∂Ha
∂$
− ∂
∂a
(
∂Ha
∂$a
)]
+ Ma
∂e
∂t

ext
, (32)
Ma
∂$
∂t
= −
√
1 − e2
na2e
[
∂Ha
∂e
− ∂
∂a
(
∂Ha
∂ea
)]
+ Ma
∂$
∂t

ext
, (33)
where Ha = H◦aF is the Hamiltonian density, H◦a = 2piaP◦ =
(γ − 1)Ma ε¯◦ is the Hamiltonian density for a 2D circular disk, and
F =
γ + 1
4pi(γ − 1)
∫ 2pi
0
1 − e cos E
( jh)γ−1 dE (34)
is the dimensionless geometric part of the Hamiltonian for a three-
dimensional disk with adiabatic index γ (we take γ = 4/3), and h is
the dimensionless scaleheight defined below. Physically, Ha is the
total energy (excluding orbital energy) per unit semi-major axis a
of an eccentric fluid annulus, averaged over an orbital period. The
function F is the geometric part of the orbit-averaged energy density,
which only depends on e and aea . Notice when e = aea = 0,
F = (γ + 1)/[2(γ − 1)].
The disk scale-height can be written as H = hH◦, where the
dimensionless function h = h(E) specifies howdisk thickness varies
over an eccentric orbit, whose azimuthal dependence is determined
by the balance of gravity with pressure (Ogilvie 2001; Ogilvie &
Barker 2014; Ogilvie & Lynch 2019):
(1 − e cos E) d
2h
dE2
− e sin E dh
dE
+ h =
(1 − e cos E)3
jγ−1hγ
. (35)
Since h is an even function periodic over the interval E ∈ [−pi, pi],
h(E) is calculated numerically using the boundary conditions
h′(0) = h′(pi) = 0 with the shooting method (Press et al. 2002).
The bottom diagram of Figure 2 displays a cartoon of how H varies
along an eccentric orbit, and because the fluid is adiabatic, is com-
pressionally heated near periapsis. Figure 3 displays solutions for
h(E) for different e values. The function h has a minimum near peri-
apsis (E = 0), and typically has a maximum near apoapsis (E ≈ pi).
When e is increased, the value of h near periapsis can be reduced
below unity by many orders of magnitude. The equation of state
for an adiabatic gas then gives the vertically integrated pressure
P = P◦ j−γh−(γ−1), and midplane temperature T0 = T◦0 ( jh)−γ/4.
In this work, we are interested in a particular class of solutions,
where $ takes the simple form
$ = ωt +$0, (36)
where $0 = $ |t=0 is the initial condition, and ω is the constant,
global precession frequency of the eccentric disk. Physically, one
can have an untwisted eccentric disk ($a = 0, eq. 36) when the in-
ertial force fromω balances the twisting forces from pressure. Then
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∂e/∂t = 0 (assuming ∂e/∂t |ext = 0; eq. 32), while equation (33)
reduces to
Maω = −
√
1 − e2
na2e
H◦a
[
∂F
∂e
− aea ∂
2F
∂e∂ f
− (2aea + a2eaa) ∂
2F
∂ f 2
−d lnH
◦
a
d ln a
∂F
∂ f
]
+ Ma
∂$
∂t

GR
, (37)
where f = e+ aea (not to be confused with the true anomaly f , see
Fig. 2), while ∂$/∂t |GR is given by equation (24). Equation (37)
may be re-arranged to
−ω˜a˜3/2 e√
1 − e2
=
∂F
∂e
− aea ∂
2F
∂e∂ f
− (2aea + a2eaa) ∂
2F
∂ f 2
− d lnH
◦
a
∂ ln a
∂F
∂ f
− δGR
a˜
e
(1 − e2)3/2 , (38)
where
ω˜ = ω
na2
(γ − 1)ε¯◦

a=ain
, (39)
δGR =
na2
(γ − 1)ε¯◦
∂$
∂t

GR, e=0, a=ain
=
6Rg(1 +V)
(γ − 1)ainV
= 7.64 × 10−3 (1 +V)
2
V
M¯1/3• M¯
2/3
?
R¯?
. (40)
Because H◦a ∝ Ma ε¯◦ ∝ a−3, we have d lnH◦a/d ln a = −3 in
our model. Physically, δGR is the GR apsidal precession rate Û$GR
multiplied by the radial communication timescale for an eccentric
disturbance tecc = na2/[(γ − 1)ε¯◦] when e  1.
Because not enough energy has been dissipated to circularize
the fallback debris after one orbital period, the newly formed TDE
disk will be born with a substantial eccentricity (e.g. Shiokawa
et al. 2015; Sa˛dowski et al. 2016; Bonnerot & Lu 2019). Assuming
angularmomentum conservation, the eccentricity of themost tightly
bound debris after one orbital period is (assuming rp  af[tf0])
ecirc =
√
1 − (1 +V)
[
2 − rp
af(tf0)
]
rp
af(tf0)
'
√
1 − 4β(1 +V)
(
M?
M•
)1/3
. (41)
To model the excitation of the disk’s eccentricity by the accretion
of fallback material, we set the disk eccentricity at ain to be
ein = λeecirc. (42)
Here λe ≤ 1 is a dimensionless free parameter to model the re-
duction of eccentricity through various processes, such as viscosity
(e.g. Ogilvie 2001; Teyssandier & Ogilvie 2016) or transport of
angular momentum during the circularization process (e.g. Svirski
et al. 2017; Bonnerot & Lu 2019), which are not self-consistently
included in this work. Angular momentum may also be transported
within the disk via secular processes, as the eccentric disk twists
due to apsidal precession from internal pressure and general rela-
tivity, which requires more detailed additional calculations to un-
derstand (see eqs. 32-33). We assume the disk eccentricity is set
by the circularization of the most bound debris stream’s eccentric-
ity ef(tf0), since the torque from the fallback debris falls off as
Tfb ' − ÛMf
√
2GM•rp ∝ t−5/3. Figure 4 displays ein as a function
of V, for different values of λe. We see ein ≈ λe when V . 1,
while ein decreases to zero with increasingV whenV & 1. It may
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Figure 5. TDE lifetime tf0 (black, eq. 4), radiative diffusion tdiff (purple,
eq. 44), viscous tvisc (red, eq. 45), and eccentricity propagation tecc (blue,
eq. 46) timescales, for e = 0.5 (solid lines) and e = 0.7 (dashed lines) and
SMBH masses M• indicated. Here, aea = a$a = 0, V = 1, R? = R ,
M? = M , a = ain, and α = 0.1.
be shown that, when V is given by equation (30), the disk’s inner
eccentricity ein = ecirc = 0, assuming thatM•  M? and β is O(1).
We need two additional boundary conditions to solve equa-
tion (38), which we take to be
∂F
∂ f

a=ain
=
∂F
∂ f

a=aout
= 0. (43)
We justify equation (43) in Appendix A, where we show this conidi-
tion is brought about by requiring equation (37) remain valid at the
disk’s boundaries when the radial pressure gradient is infinite. Our
boundary conditions allow for an infinitesimally narrow eccentric
disk to undergo apsidal precession: In the limit where aout → ain,
ω does not vanish. This effect has been reproduced analytically in
other applications of narrow eccentric disks in the linear regime
(e  1; e.g. Zanazzi & Lai 2017).
The formalism of Ogilvie & Lynch (2019) assumes an invis-
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cid and adiabatic hydrodynamical disk, which is a valid approx-
imation when the viscous time tvisc = a2/ν and vertical photon
diffusion time tdiff = τH/c are much longer than the communica-
tion timescale for an eccentric disturbance tecc ∼ (a/H)2n−1 (e.g.
Ogilvie 2001, 2008; Teyssandier & Ogilvie 2016). Assuming an α
viscosity (ν = αH2n), these timescales work out to be
tdiff = 34.5V1/2(1 +V)1/2
M¯5/3?
R¯?M¯
2/3
•
h
ja˜2
days, (44)
tvisc =
196
V(1 +V)1/2
(
0.1
α
)
R¯3/2? M¯
1/2
•
M¯?
a˜3/2
h2
days, (45)
while
tecc ∼ 19.6V(1 +V)1/2
R¯3/2? M¯
1/2
•
M¯?
a˜3/2
h2
days. (46)
We note the timescale tecc was formally derived after averaging
over the disk’s azimuth (averaging over E), so it is not clear if
it is the correct quantity to describe azimuthal variations of the
eccentric disturbance propagation timescale. We continue to use
equation (46) with caution. In addition, TDE lifetimes scale with
the orbital period of the most bound debris stream tf0 (eq. 4). Fig-
ure 5 plots these timescales over a single orbit, varying e and the
SMBH mass M•. Near apocenter (E & 0.3 − 1.0), we see eccen-
tric disturbances propagate at timescales shorter than typical TDE
lifetimes (tecc . tf0), and approximating the disk as inviscid and
adiabatic is reasonable (tecc . tvisc, tdiff). Our model of how the
TDE disk propagates eccentric disturbances may break down near
pericenter (E . 0.3 − 1.0), since the radial communication time
near pericenter is longer than typical TDE lifetimes (tecc & tf0).
Approximating the disk as inviscid will always be reasonable since
tvisc & tecc, tf0 everywhere.
In our work, we aim to calculate the peak optical and X-ray
luminosities from thermal radiation before the disk has had time to
cool (tdiff & few tf0). For this reason, we assume the disk’s internal
energy stays approximately constant over the TDE’s lifetime, and
neglect cooling from radiative diffusion. Examining Figure 5, be-
cause over much of the parameter space of interest, the diffusion
time is much shorter than the TDE lifetime (tdiff  tf0), cooling
from radiative diffusion is not negligible. In this sense, our model is
not self-consistent, and may cause us to overestimate the luminosity
of TDEs. Our approximations are worst near pericenter (E ≈ 0)
of highly eccentric disks, and for disks orbiting high-mass SMBHs
(M• & 107 M). However, high-mass SMBHs are the most likely
to circularize efficiently from stream-stream collisions near apoc-
enter (see Fig. 1), so it is unclear if poorly circularized TDE disks
can describe the optical emission of massive SMBHs in the first
place. We continue with our highly idealized TDE model, note our
approximations are most valid for the thermal radiation of eccentric
TDE disks near apocenter orbiting low-mass SMBHs, and cau-
tion the interpretation of our results beyond the order-of-magnitude
level. Specifically, our model likely overestimates the luminosity of
high-energy thermal emission near pericenter (X-ray emission, see
Sec. 3), as well as the bolometric luminosity of high-mass SMBHs
(M• & 107 M).
2.4 Eccentric TDE Disk Solutions
This section investigates the lowest frequency, global solutions for
our TDE disk model (Sec. 2.1). We solve equation (38) for the ec-
centric solution with no radial nodes (e(a) > 0), calculating e(a)
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Figure 6. Disk eccentric modes e as functions of semi-major axis a,
with the outer semi-major axis values of aout = 1.3 ain (top panel) and
aout = 3 ain (bottom panel), for the λe values (see eq. 42) as indicated.
Dimensionless eigenfrequencies ω˜ (eq. 39) are ω˜ = −0.71 (λe = 0.2),
ω˜ = 0.12 (λe = 0.4), ω˜ = 0.31 (λe = 0.6), ω˜ = 0.02 (λe = 0.8),
and ω˜ = 0.57 (λe = 1.0) for ain = 1.3 aout, and ω˜ = 0.13 (λe = 0.2),
ω˜ = 0.51 (λe = 0.4), ω˜ = 0.56 (λe = 0.6), ω˜ = 0.30 (λe = 0.8), and
ω˜ = 0.56 (λe = 1.0) for ain = 3 aout. Here, M• = 106 M , M? = 1 M ,
R? = 1 R , and V = 1.
and its corresponding eigenfrequency ω˜ using the shooting method
(Press et al. 2002). We focus on the lowest-order, ‘fundamental
mode’ of the eccentric disk, because higher-order solutions (eccen-
tricity profiles with more nodes, or more locations where e(a) = 0)
are expected to have higher damping rates from dissipative pro-
cesses, such as viscous damping (e.g. Teyssandier & Ogilvie 2016;
Lee et al. 2019a,b). Our picture of how the disk evolves from the
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Figure 7. Dimensionless apsidal precession rate eigenfrequency ω˜ (eq. 39) as functions of the inner disk’s eccentricity e(ain) = ein (left panel), annular extent
of the disk aout/ain − 1 (middle planel), and dimensionless apsidal precession rate from General Relativity δGR (right panel; eq. 40), with solid, dashed,
and dotted black lines denoting the outer disk semi-major axis aout (left panel) and ein (middle & right panels) values indicated. Blue lines in the middle
panel denote ω˜ values calculated semi-analytically in the thin-annulus limit (App. B), with solid, dashed, and dotted lines denoting ein values. Since the only
dependence on ain in equation (38) is through δGR, varying δGR is equivalent to varying ain with all other parameters fixed. All plots take M• = 106 M ,
M? = 1 M , and R? = 1 R , with V = 1 (δGR = 0.0306; left & middle panels) and aout = 2 ain (right panel).
highly eccentric fallback debris orbits given by equation (8) to the
eccentricity profiles calculated in this section, is that a number of
non-linear eccentric modes are excited soon after the TDE disk’s
formation, but the higher-order modes quickly damp their ampli-
tudes, while the lowest-order apsidally-aligned fundamental mode
remains excited over the TDE disk’s lifetime.
Figure 6 shows a number of fundamental mode solutions
using our disk model, for narrow (aout = 1.3 ain) and extended
(aout = 3 ain) disks (with aout/ain values chosen arbitrarily to rep-
resent earlier and later phases of the disk’s evolution), assuming
different ein values (eq. 42). We see that highly eccentric, coher-
ently precessing solutions are possible in TDE disks. Although the
details of each solution depend on the value of ein, all solutions are
qualitatively similar, and start off with large e values near ain which
decline monotonically as a increases. Our solutions differ quali-
tatively from the hydrodynamical simulations of Shiokawa et al.
(2015), who find e increases as a approaches aout. We believe this
is due to the torque that fallback debris exerts on the outer disk
which excites e near aout, whose effect we neglect in this work. It
can be verified the orbital intersection parameter
q2 =
(aea)2 + (1 − e2)(ae$a)2
[1 − e(e + aea)]2
(47)
has a magnitude |q | < 1 for the solutions displayed in Figure 6,
implying there are no orbital intersections (Ogilvie & Lynch 2019).
Figure 7 displays the apsidal precession rate eigenfrequencies
ω˜ (global apsidal precession rate of eccentric disk) of our solutions,
as functions of different parameters. The left panel shows ω˜ has a
dependence on ein, due to pressure inducing prograde rather than
retrograde precession when the disk becomes highly eccentric (see
Ogilvie 2001, 2008; Teyssandier & Ogilvie 2016; Ogilvie & Lynch
2019 for discussion), independent of the disk’s annular extent. The
middle panel shows ω˜ increases as the disk becomes more radi-
ally extended for all ein values investigated, with ω˜ asymptotically
approaching a constant value when aout & 2 ain. Blue lines dis-
play ω˜ calculated semi-analytically in the narrow disk-annulus limit
(aout − ain  ain, see App. B), which asymptotically approach the
numerically calculated ω˜ values using equation (38), indicating we
have correctly calculated the lowest-order eccentric solution (small-
est value of |ω˜ |). The ω˜ value diverges as aout → ain because, simi-
lar to p-modes in stars (see reviews byUnno et al. 1979; Christensen-
Dalsgaard 2014), the eccentric eigenmode precession frequency is
inversely proportional to the propagation time of a pressure wave
tpress ∼ (aout − ain)/
√
ε¯: as aout → ain, ω˜ ∝ (aout − ain)−1 → ∞.
Right panel displays the dependence of ω˜ on the dimensionless ap-
sidal precession rate from GR δGR (eq. 40). We see GR does little
to modify ω˜ when δGR . 0.1, but modifies ω˜ when δGR & 0.1, for
the ein values investigated.
Evaluating ω in terms of ω˜, we see
ω = 4.07 × 10−3
(
ω˜
0.1
)
V(1 +V)1/2 M¯?
R¯3/2? M¯
1/2
•
2pi
days
. (48)
This should be compared to the apsidal precession rate of the fall-
back debris stream due to GR, since a newly formed eccentric TDE
disk will likely precess at a comparable rate:
∂$
∂t

f
=
3Rgn(af)
af(1 − e2f )
' 3Rg
2rp
2pi
tf0
( tf0
t
)
= 7.77 × 10−4 β M¯
1/6
• M¯
4/3
?
R¯5/2?
( tf0
t
) 2pi
days
. (49)
Equation (49) is related to δGR via ∂$/∂t |f = δGR[a˜(1 −
e2)]−1[H◦a/(na2Ma)]a=ain , with a = af and e = ef . More detailed
hydrodynamical simulations and analytical calculations of geodesic
paths around the SMBH (e.g. Kochanek 1994; Hayasaki et al. 2013,
2016; Guillochon & Ramirez-Ruiz 2013, 2015; Dai et al. 2013,
2015; Bonnerot et al. 2016; Lu & Bonnerot 2020) give comparable
values of ∂$/∂t |f . Since ω can be comparable to ∂$/∂t |f for the
ω˜ values we calculated in Figures 6 and 7, we argue it is feasible for
a TDE disk to remain highly eccentric and coherently precess for a
short amount of time after formation (t . few tf0). The next sections
investigate the thermal emission due to such highly eccentric disks.
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3 ECCENTRIC TDE DISK EMISSION
This section calculates the emission from a highly eccentric TDE
disk. Section 3.1 gives order of magnitude estimates for the disk
temperatures and luminosities expected from our theory, Section 3.2
introduces the model we use to calculate the eccentric disk’s emis-
sion, while Section 3.3 presents our results for the emission from
eccentric TDE disks.
3.1 TDE Emission Estimates
In the ‘classical’ model for TDE emission, an accretion disk around
the SMBH rapidly forms after the TDEwith an outer radius roughly
equal to the circularization radius rout ' 2rp (Rees 1988; Evans
& Kochanek 1989; Cannizzo et al. 1990; Ulmer 1999). Since the
accretion rate from fallback debris dMf/dt is expected to be super-
Eddington (eq. 6), the TDE luminosity is expected to be of order
the Eddington luminosity LEdd at early times:
LEdd =
4piGM•c
κ
= 1.47 × 1044 M¯• erg s−1. (50)
The effective temperature of the TDE disk emission is then of order
Teff ∼
(
LEdd
4piσr2out
)1/4
= 1.8 × 105 β1/2 M¯
1/12
• M¯
1/6
?
R¯1/2?
K, (51)
where σ is the Stefan-Boltzmann constant. This simple model can-
not explain the low effective temperatures (Teff ∼ 2 − 3 × 104 K)
inferred from the optical emission of many TDEs (e.g. Komossa
2015; van Velzen et al. 2020).
In the shock-heating model of Shiokawa et al. (2015); Piran
et al. (2015); Krolik et al. (2016), TDE emission is powered by
shocks during the circularization process which heat the gas form-
ing the accretion disk, and the disk never completely circularizes.
Instead of the TDE disk having a size of order the circularization
radius, the size of the disk is of order the semi-major axis of the
most tightly bound debris stream af0 = GM•/(2∆E) = r2p /(2R?)
(eq. 10). At late times (t & tdiff , see eq. 44), the cooling from radi-
ation can balance the shock-heating from the stellar debris, leading
to a disk luminosity of order
Lshock ∼
dMf
dt
(
GM•
af0
)
= 7.1 × 1043 M¯
8/3
?
R¯5/2? M¯
1/6
•
erg s−1, (52)
where we assume the velocity of the bound debris re-accreting onto
the disk is of order vf ∼ (GM•/af0)1/2. The effective temperature
of the TDE disk emission is then of order
Teff ∼
(
Lshock
4piσa2f0
)1/4
= 3.0 × 104 M¯?
R¯9/8? M¯
3/8
•
( tf0
t
)5/12
K, (53)
a value much lower than the classical model for TDE emission
(eq. 51).
However, for our highly idealized model, we aim to calcu-
late the TDE emission from the poorly circularized, eccentric disk
at early times (t . tdiff), before the disk has radiatively cooled.
Assuming energy transport occurs through radiative diffusion (see
Sec. 3.2 for justification), the effective temperature for a poorly cir-
cularized disk is T◦eff ' [4/(3τ◦)]1/4T◦0 (see eq. 55 below), leading
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Figure 8. Effective temperatureTeff (top panel; eq. 55) and flux per logarith-
mic unit eccentric anomaly lnE , σT 4eff E j/pi (bottom panel; see eq. 57), as
functions of lnE , evaluated at the disk’s inner semi-major axis ain (eq. 10)
for the eccentricity values e indicated. Here, M• = 106 M , M? = 1 M ,
R? = 1 R , V = 1, and aea = 0.
to a bolometric luminosity of order
L ∼ 4piσa2f0T◦eff4 ∼ 4.3 × 1043
( V
1 +V
)1/2
M¯• erg s−1. (54)
The following sections calculate the emission from our eccentric
TDE disk models in more detail.
3.2 Eccentric TDE Disk Emission Model
When energy transport occurs through radiation, one can assume
local thermodynamic equilibrium to calculate the effective temper-
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Figure 9. SEDs of emission from TDE disks with the constant eccentricity
values e indicated, with Optical, Ultraviolet, and X-ray frequency bands
shaded as indicated. Here,M• = 106 M ,M? = 1 M , R? = 1 R ,V = 1,
aea = 0, and aout = 2 ain.
ature of the disk’s emerging radiation (e.g. Zhu & Narayan 2013):
Teff '
(
4
3τ
)1/4
T0
= 2.65 × 104 M¯
1/3
?
M¯1/12• R¯
1/2
?
V1/8(1 +V)3/8
a˜1/2 j1/12h1/3
K. (55)
The top panel of Figure 8 displays Teff as a function of the natural
logarithm of the disk’s eccentric anomaly ln E at the disk’s inner
edge, for different eccentricity values e. When e is low, most of
the disk emits with a temperature whose emission peaks in the
optical or near UV (Teff . 105 K). But when e is high, the disk
can emit with a temperature whose emission peaks in the far UV or
X-ray (Teff & 105 K) near E ≈ 0 due to compressional heating near
periapsis.
Equation (55) assumes energy transport is dominated by ra-
diative diffusion, which requires the disk to be convectively stable:
the thermodynamic gradient from radiation ∇rd = d lnT/d ln p|rd =
−
(
4σ
3ρκ
)
dT4/dz must be smaller than the adiabatic thermodynamic
gradient ∇ad = 1/4. Although one can calculate ∇rd for our disk
model (see e.g. Zhu & Narayan 2013), this calculation is compli-
cated by the fact that an eccentric disk does not lie in hydrostatic
equilibrium (dp/dz , −ρn2z). Moreover, the highly turbulent for-
mation of the eccentric TDE disk will significantly alter the disk’s
initial thermodynamic gradient. Since hydrodynamical simulations
are needed to accurately calculate the TDE disk’s initial vertical
structure, we continue to use the simple estimate (55) for the ef-
fective temperature. Preliminary calculations carried out by the au-
thors show a disk with energy transport dominated by convection
(∇ ' ∇ad) increases Teff by a factor of ∼ 2. We note the hydrody-
namical simulations of Sa˛dowski et al. (2016) found convectively
stable and unstable regions in a newly formed TDE disk.
In addition, equation (55) implicitly assumes Local Thermo-
dynamic Equilibrium (LTE), which requires a diffusion time shorter
than the lifetime of the TDE disk (tdiff . tf0). This should be valid
near pericenter for most TDEs, as well as TDEs around massive
(M• & 107 M) SMBHs, but will break down near apocenter for
low-mass SMBHs (M• ∼ 106 M , see Fig. 5). However, because we
are primarily interested in the accretion disk’s photosphere black-
body temperature (which almost always transports energy primarily
via radiative diffusion, see e.g. Rafikov 2007; Zhu&Narayan 2013),
and the timescale for the photosphere to reach LTE is much shorter
than that of the entire disk’s vertical extent (since τ  1, see eq. 21),
we argue the diffusion approximation (eq. 55) is reasonable.
To calculate the Spectral Energy Distribution (SED) from the
eccentric disk, we assume the disk emits locally like a black-body
with temperature Teff given by equation (55), giving the luminosity
per unit frequency Lν of
νLν = 4pi
∫
νBν(Teff) dA = 4pi
∫ 2pi
0
∫ aout
ain
νBν j da dE, (56)
where Bν(T) is the Planck function, using the notation of Rybicki &
Lightman (1979). The bolometric luminosity from the disk is then
L = 4σ
∫ 2pi
0
∫ aout
ain
T4eff j da dE . (57)
The bottompanel of Figure 8 displays the emitted flux per unit ln E at
the disk’s inner edge, for different e values. Although the emission
area decreases near periapsis in an eccentric disk ( j small near
E ≈ 0), the flux near periapsis can still be many orders of magnitude
larger than than the flux near apoapsis due to compressional heating
(h small near E ≈ 0). This makes it possible for the frequency-
integrated luminosity to be larger at periapsis than at apoapsis when
the disk is eccentric.
Figure 9 calculates the SED from TDE disks with constant
eccentricity values (e(a) = constant). When e is low, the SED
peaks in the optical or near UV due to the disk’s low Teff . But when
e is high, the compressionally heated disk material near periapsis
can dominate the disk emission, and cause the SED to peak in the
far UV and soft X-ray. Furthermore, high e values can raise the
bolometric luminosity by orders of magnitude.
3.3 Eccentric TDE Disk Emission Results
This section uses the emission model of Section 3.2 to calculate
the thermal emission from the eccentric TDE disk solutions from
Section 2.4. Figure 10 displays the SEDs for our eccentric disk
solutions, varying parameters which set the inner disk eccentricity
ein (λe, see eq. 42), efficiency of circularization V (eqs. 9 & 12),
annular extent aout − ain, and SMBH mass M•.
The two parameters which have the largest effect on the fre-
quency the disk SED peaks at (maximum νLν value) are λe (which
affects ein, see eq. 42), and the efficiency of circularization param-
eter V (affecting ain and ein, see eqs. 9 & 12). We see increasing
λe increases the SED peak frequency (compare blue, green, & red
curves in Fig. 10). Disk SEDs with low λe values peak in the Opti-
cal and near UV, while high λe values peak in the far UV and even
X-ray, due to the high effective temperature Teff (eq. 55) near peri-
apsis for eccentric disks (Fig. 8). The effect of changingV depends
on the disk’s λe value (compare dotted, dashed, and solid lines in
Fig. 10). When λe is low (λe . 0.6), increasing V increases the
SED peak frequency, since a larger V makes the disk hotter (see
eq. 55). When λe is high (λe & 0.6), increasingV can decrease the
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Figure 10. SEDs of emission from TDE disk eccentric eigenmodes (see Sec. 2.4), with Optical, Ultraviolet, and X-ray frequency bands shaded as indicated.
Colors denote different λe values (eq. 42), with λe = 0.4 (red), λe = 0.8 (green), and λe = 1.0 (blue), while line styles denote different circularization
efficiency parameter values V (eqs. 9 & 12), with V = 0.1 (dotted), V = 1 (dashed), and V = 10 (solid). Different panels display the SEDs for models with
different SMBH masses M• and outer disk semi-major axis aout as indicated. Here, M? = 1 M and R? = 1 R .
peak SED frequency. This is because for large λe, changingV can
have a significant impact on the disk’s ein value (see Fig. 4).
The shape of the TDE disk SED is primarily set by the eccen-
tricity profile. In classical accretion disk models, the disk SED is
found by summing over a number of axisymmetric rings, and the
SED’s shape is determined by the variation ofTeff over the disk’s an-
nular extent (e.g. Chiang &Goldreich 1997). For our eccentric TDE
disks, because our disks are narrow (aout/ain . few) and the Teff
dependence on a is weak (Teff ∝ a−1/2, see eq. 55), eccentric TDE
disk SEDs are determined by howTeff varies over a single orbit from
pericenter compression and apocenter expansion. The SED shape is
then determined by summing over a number of blackbodies at dif-
ferent azimuths E , which have very different temperatures. In more
detail, the low-frequency portion of the disk SED can be described
by the Rayleigh-Jeans limit of the outer disk apoapsis emission
(νLν ∝ ν3 when hPν  kBTeff[aout, pi], where hP is the Planck
constant), while the high-frequency portion is the Wien limit of the
inner disk’s periapsis emission (νLν ∝ exp[−hPν/kBTeff(ain, 0)]).
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Figure 11. X-ray LX (0.3-10 keV) verses Ultraviolet/Optical LUV/Opt. (0.002-0.1 keV) luminosity for the eccentric eigenmode solutions from our disk
models (colored symbols), compared to the estimated peak luminosity of observed non-jetted TDE candidates (black dots). Symbol colors denote different
normalized SMBH mass M¯• (eq. 3) and outer disk truncation semi-major axis a˜out = aout/ain values, with (M¯•, a˜out) = (1, 1.3) (red), (M¯•, a˜out) = (1, 3)
(green), (M¯•, a˜out) = (10, 1.3) (blue), and (M¯•, a˜out) = (10, 3) (purple), while different symbols denote different inner disk eccentricity λe (≈ ein) (eq. 42)
and circularization efficiency parameter V (eqs. 9 & 12) values, with (λe, V) = (1, 10) (triangle down), (λe, V) = (1, 1) (triangle up), (λe, V) = (1, 0.1)
(triangle left), (λe, V) = (0.8, 10) (plus), (λe, V) = (0.8, 1) (x), (λe, V) = (0.8, 0.1) (diamond). Models with λe . 0.6 have LX < 3 × 1038 erg s−1, and do
not show on this plot. Luminosity data from X-ray bright (LX > LUV/Opt.) TDEs SDSS J1201, XMMSL1 J0740-85, PTF-10iya, OGLE16aaa, ASASSN-14li,
and NGC247 are from Auchettl et al. (2017), while UV/Opt. bright (LX < LUV/Opt.) TDE candidate data are from discovery papers: D3-13 (Gezari et al.
2009), ASASSN-15oi (Holoien et al. 2016), AT 2018DYB (Leloudas et al. 2019), AT 2018fyk (Wevers et al. 2019b), ASASSN-19bt (Holoien et al. 2019), and
AT2019azh (Liu et al. 2019). X-ray emission from D3-13, ASASSN-15oi, and AT 2018DYB was not detected: LX values for these TDE candidates are upper
limits on their peak X-ray luminosity values.
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Since Teff does not sensitively depend on semi-major axis a, the
SED at mid frequencies (kBTeff[aout, pi] . hPν . kBTeff[ain, 0])
depends primarily on the eccentricity profile, since the magnitude
and effective temperature of the flux near periapsis depends strongly
on the disk eccentricity (Fig. 8). But although the shape of the SED
is primarily set by the disk eccentricity profile, the annular extent
of the disk has a small impact on the shape of the SED and total
luminosity of the disk’s low-energy (Optical & near UV) emission.
Specifically, extended disks (high aout − ain) have more low-energy
emission compared to narrow disks (low aout − ain; compare left
& right panels of Fig. 10), since Teff decreases with increasing a in
our model (see eq. 55).
The bolometric luminosity L (eq. 57) of the disk emission
is primarily set by the SMBH mass M•, but also depends on the
disk eccentricity through λe. Our simple scaling arguments (eq. 54)
show L from our TDE disk model should be comparable to and
scale with M• the same way as the Eddington luminosity (eq. 50).
More detailed calculations of the disk SED find this is the case,
with L increasing by roughly an order of magnitude when M• is
increased from 106 M to 107 M (compare top and bottom panels
in Fig. 10). Increasing λe can also increase the X-ray luminosity by
multiple orders of magnitude (compare red, green, & blue curves
in Fig. 10), due to the high Teff near periapsis in eccentric disks
(Fig. 8). Scaling (54) also predicts L ∝ V1/2 when V . 1, which
our SEDs roughly reproduce.
To compare the predictions of our TDE emission model with
observations, Figure 11 displays the peak X-ray LX (0.3-10 keV)
verses UV/Optical LUV/Opt. (0.002-0.1 keV) luminosities of many
TDE candidates (compare to Fig. 12 in Auchettl et al. 2017), and
compares them to the LX and LUV/Opt. values from our models
for different parameter values. As a whole, we see our model tends
to predict higher luminosities than the luminosities of both X-ray
(LX & LUV/Opt.) and Optically (LX . LUV/Opt.) bright TDEs,
but does better at reproducing Optically bright TDE luminosities.
Like before, the main parameters controlling the properties of the
TDE emission are the inner disk’s eccentricity ein (through λe
or V), the annular extent of the disk a˜out = aout/ain, and the
SMBH mass M•. Increasing (decreasing) ein results in increasing
(decreasing) LX by orders of magnitude, with order unity (factor
of ∼ 2 − 3) corresponding changes in LUV/Opt.. Increasing a˜out
increases LUV/Opt. with almost no change in LX, but an order of
magnitude increase in a˜out − 1 results in a factor of ∼ 2− 3 increase
in LUV/Opt.. Increasing M• increases the bolometric luminosity
L ∼ LX + LUV/Opt., as predicted by estimate (54): Increasing M•
from 106 M to 107 M increases both LX and LUV/Opt. by a
factor of ∼ 10 − 100. For our model to explain the observed TDE
LX and LUV/Opt. values, we generally require low SMBH masses
(M• ∼ 106 M) and moderate disk eccentricities (ein . 0.8).
4 DISCUSSION
4.1 Theoretical Uncertainties
In this work, we calculate the dynamics and thermal emission from
a highly eccentric TDE disk, assuming the nested eccentric annuli
have aligned periapsis directions (untwisted). More detailed hydro-
dynamical simulations of newly formed TDE disks show that the
disk material is highly eccentric, but also very twisted, with peri-
apsis directions varying significantly over the disk’s radial extent
(e.g. Shiokawa et al. 2015; Sa˛dowski et al. 2016; Bonnerot & Lu
2019). This twisting occurs when the disk forms with a precession
rate and eccentricity profile different from the solutions calculated
in Section 2.4, and becomes twisted due to general-relativistic ap-
sidal precession and pressure torques. Highly oscillatory eccentric
disturbances, potentially including high twists, may induce extra
dissipation as travelling eccentric disturbances approach the disk’s
inner edge (Lynch&Ogilvie 2019). A non-zero disk twist will cause
the disk eccentricity magnitude e to evolve in time (Ogilvie &Lynch
2019, see eq. 32), implying a realistic eccentric TDE disk’s dynam-
ics will differ substantially from the constant (in time) eccentricity
profiles calculated in Section 2.4.
Since our goal was to compare the eccentric disk’s thermal
emission to observed peak TDE luminosities, we have neglected
the time evolution of the disk’s internal energy. This approxima-
tion should break down as the disk’s internal energy is redistributed
within the disk, and released via radiation or accretion. Thermal
diffusion will play an important role in the disk’s temperature evo-
lution early on (compare eqs. 4 & 44), while viscosity/accretion
will become relevant only much later (compare eqs. 4 & 45) for
highly eccentric TDE disks, although estimate (45) neglects ad-
ditional turbulence induced by parametric instabilities (Papaloizou
2005a,b; Barker &Ogilvie 2014;Wienkers &Ogilvie 2018) and the
Magnetorotational instability (Chan et al. 2018) in eccentric disks.
Our SED calculations assume a face-on viewing geometry
(eqs. 21 & 56), neglecting viewing angle effects. Viewing an ac-
cretion disk’s inner edge at a significant inclination can block high-
energy radiation (e.g. Dai et al. 2018; Curd &Narayan 2019), which
may significantly reduce the X-ray luminosities for our TDE disk
model, especially since the disk aspect ratio is much smaller at pe-
riapsis than apoapsis (see Fig. 3). The eccentric disk models of Liu
et al. (2017); Cao et al. (2018) already invoke non-zero viewing
inclinations to fit the Hα and optical emission lines in the TDEs
PTF09djl and ASSASN-14li. Further studies of how TDE emission
is affected by the observer’s orientation with respect to the disk
would be of interest.
4.2 Observational Implications
Considering how idealized our eccentric TDE disk model is, it
does well at reproducing the observed X-ray LX and UV/Optical
LUV/Opt. luminosities for a number of TDE candidates (Fig. 11).
In general, our model slightly overestimates both LX and LUV/Opt.,
requiring low SMBH masses (M• ∼ 106 M) and moderate disk
eccentricities (ein . 0.8) to explain the observed Optical/UV-bright
TDEs. An interesting next step would be to calculate the thermal
emission from newly formed eccentric TDE disks using hydrody-
namical simulations (e.g. Shiokawa et al. 2015; Sa˛dowski et al.
2016; Bonnerot & Lu 2019), to see if the predicted luminosities
match observed peak TDE luminosities (both LX & LUV/Opt.) bet-
ter.
In addition tomatching observed peak LX and LUV/Opt. values,
our TDEdiskmodel also predicts bolometric luminosities L of order
the Eddington luminosity (eqs. 50 & 54), with L proportional to the
SMBH’s mass (eq. 54, Figs. 10-11). This correlation is consistent
with a few studies, which show a tentative correlation between L
and the SMBH mass (Wevers et al. 2017, 2019a; van Velzen et al.
2020).
Our highly idealized eccentric disk solutions also predict the
disk should precess with a period a bit longer than typical TDE
fallback times (eqs. 4 & 48, Fig. 7). Such precession may be ob-
servable in the disk’s X-ray emission, since viewing angle effects
may block or unveil the compressionally heated gas near periapsis
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(see Figs. 3 & 8). However, hydrodynamical simulations are needed
to understand if the disk coherently precesses, or becomes twisted
over the TDE’s lifetime (see Sec. 4.1 for discussion).
5 CONCLUSIONS
Motivated by TDE candidates with emission bright in the near UV
and Optical, we investigate the dynamics and thermal emission of
highly eccentric TDE disks, powered by the energy liberated during
the circularization of the stellar debris on nearly parabolic orbits.
Section 2 set up our model for a poorly circularized TDE disk,
and studied the dynamics of highly eccentric disks. By modelling
the disk as a nested continuous sequence of elliptical orbits which
communicate via pressure forces, we calculate special apsidally
aligned and uniformly precessing eccentric disk solutions, where
the twisting forces from pressure and General-Relativistic (GR)
apsidal precession from the SMBH balance the inertial force from
the disk’s global precession frequency.Wefind the disk solutions are
significantly eccentric and non-oscillatory across the disk’s annular
extent (Fig. 6), with global precession frequencies which can be
comparable to the apsidal precession frequency of the elliptical
debris stream from GR (Fig. 7, eqs. 24, 39 & 48).
Section 3 calculates the thermal emission from our eccentric
TDE disk model, taking into account compressional heating (cool-
ing) near periapsis (apoapsis; see Figs. 2 & 8). We find for our
model, disks with low eccentricities (ein . 0.8) have SEDs which
peak in the near UV/Optical, but highly eccentric (ein & 0.8) disks
can be X-ray bright due to the high-temperature disk emission near
periapsis (Figs. 8-11). Comparing the X-ray and UV/Optical lumi-
nosities of our model to a number of TDE candidates, we find our
model can generate emission consistent with the luminosities of
many UV/Optically bright TDEs (Fig. 11).
This work takes a significant step to quantitatively calculate the
thermal emission expected from the stream-stream collisions model
for TDE emission (Shiokawa et al. 2015; Piran et al. 2015; Krolik
et al. 2016). Hydrodynamical simulations are needed to test the
dynamics and thermal emission predicted from our highly idealized
model of an eccentric TDE disk, to see if shock-heating of elliptical
debris streams is the main way optically bright TDEs are powered.
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APPENDIX A: JUSTIFICATION OF ECCENTRIC DISK
BOUNDARY CONDITION
As discussed in Section 2.3, to solve equation (38) for the eccentric-
ity profile e(a) and eigenfrequency ω˜, a suitable boundary condition
must be chosen. This appendix justifies our choice of boundary con-
dition (43). As in Ogilvie & Lynch (2019), we begin by modifying
Ma and 〈ε¯〉 to include a taper function which declines rapidly to
zero near the boundaries. Specifically, we take
Ma → MaT(a), 〈ε¯〉 → 〈ε¯〉T(a), (A1)
where
T(a) = tanh
(
a − ain
win
)
tanh
(
aout − a
wout
)
, (A2)
win = δinain, wout = δoutaout, and it is assumed δin, δout  1.
Rewriting equation (37) as (assuming ∂$/∂t |ext = 0)
− ωMaH◦aT
na2e√
1 − e2
=
∂F
∂e
− aea ∂
2F
∂e∂ f
− (2aea − a2eaa) ∂
2F
∂ f 2
−
(
d lnH◦a
d ln a
+ 2
d lnT
d ln a
)
∂F
∂ f
, (A3)
regularity at the boundaries requires
ωna2
ε¯◦
e√
1 − e2

a=ain,aout
= 2a
dT
da
∂F
∂ f

a=ain,aout
, (A4)
as shown by Ogilvie & Lynch (2019). In the limit δin, δout → 0,
dT/da → ∞ as a → ain, aout, while the left hand side of equa-
tion (A4) remains finite. Hence regularity requires equation (43) to
be satisfied when δin, δout → 0.
APPENDIX B: NON-LINEAR ECCENTRIC SOLUTIONS
FOR A DISK WITH A NARROW ANNULAR EXTENT
To check the solutions calculated in Section 2.4 are the lowest-
order eigenfunctions for the eccentricity profile of an untwisted
disk e(a), we also calculate the eigenfunctions in the narrow an-
nulus limit (aout − ain  ain), whose solution can be computed
semi-analytically. Specifically, we expand e and aea at a = ain
to leading order in  = (aout − ain)/ain  1, and use the bound-
ary conditions to calculate ω˜. The inner boundary conditions give
e(ain) = ein (eq. 42), and aea |a=ain through equation (43). We then
use equation (38) to calculate
a2eaa
∂2F
∂ f 2

a=ain
=
[
−2aea ∂
2F
∂ f 2
+ ω˜a˜3/2 e√
1 − e2
+
∂F
∂e
− aea ∂
2F
∂e∂ f
− dH
◦
a
d ln a
∂F
∂ f
− δGR
a˜
e
(1 − e2)3/2
]
a=ain
. (B1)
To leading order in  , ω˜ is then determined by requiring that
e(aout) = e(ain) +  aea

a=ain
, (B2)
aea

a=aout
= aea

a=ain
+  a2eaa

a=ain
, (B3)
satisfy equation (43).
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